Abstract. We investigate an analogue of the Wedderburn principal theorem for associative conformal algebras with finite faithful representations. It is shown that the radical splitting property for an algebra of this kind holds if the maximal semisimple factor of this algebra is unital, but does not hold in general.
Introduction
One of the main points of the theory of finite-dimensional associative algebras is the classical Wedderburn principal theorem. In a sketched form, it could be stated as follows. If A is an algebra over an algebraically closed field k, N is a nilpotent ideal of A, and if A/N contains a semisimple finite-dimensional subalgebra S, then the preimage of S in A contains a subalgebra S ≃ S. There are many generalizations of this theorem for various classes of associative (see, e.g., [2, 11, 23, 24] and references therein) and nonassociative (e.g., [1, 9, 20, 21, 22, 19] ) algebras.
Let us change the data as follows: suppose that for a nilpotent ideal N of an algebra A the algebra A/N contains a subalgebra S isomorphic to the first Weyl algebra A 1 = k p, q | qp − pq = 1 . In general, it is not true that the preimage of S in A contains a subalgebra isomorphic to A 1 . Roughly speaking, we are going to show that for certain class of algebras an analogue of the Wedderburn statement holds in these data. The algebras under consideration are subalgebras of End V (V is an infinite-dimensional vector space) satisfying so called locality condition (LC). This condition comes from the theory of conformal algebras, and the main results of this paper are also stated for conformal algebras. In fact, we continue studying the structure theory of associative conformal algebras with finite faithful representation started in [6, 14, 15] .
The formal definition of a conformal algebra was introduced in [13] as an algebraic language describing the singular part of operator product expansion (OPE) in conformal field theory. Another important feature of conformal algebras relates to the notion of a pseudo-tensor category [4] : a conformal algebra is just an algebra in the pseudo-tensor category M * (H) associated with the polynomial bialgebra H = k[D] (see [3] ). An object of this category is a left unital H-module, and an algebra in M * (H) is a module C ∈ M * (H) endowed with (H ⊗ H)-linear map * : C ⊗ C → (H ⊗ H) ⊗ H C. Associativity, commutativity, and other identities have a natural interpretation in this language. Note that an ordinary algebra over a field k is just an algebra in M * (k).
In this context, the obvious way to generalize finite-dimensional algebras is to consider the class of finite conformal algebras, i.e., finitely generated H-modules. Another approach is to consider conformal algebras acting faithfully on a finitely generated H-module, i.e., those with finite faithful representation. These conformal algebras are not necessarily finite themselves, but they are clearly the analogs of subalgebras of End U , dim k U < ∞. In particular, if V is a finitely generated H-module then the set of all conformal endomorphisms (see [8, 13, 14] ) forms an associative conformal algebra Cend V , that is a "conformal analogue" of End U . Since Cend V is an infinite conformal algebra, the theory of conformal algebras with finite faithful representation can not be reduced to the theory of finite conformal algebras. On the other hand, it is unknown whether an arbitrary finite (Lie or associative) conformal algebra has a finite faithful representation.
In [8, 14] , simple and semisimple finite Lie and associative conformal algebras were described. In the associative case, [14] shows that a finite semisimple conformal algebra is isomorphic to a finite direct sum of current conformal algebras over simple finite-dimensional algebras. It was shown in [26] that an arbitrary finite associative conformal algebra C could be presented as C = S ⊕ R, where R is the maximal nilpotent ideal of C and S is a semisimple subalgebra isomorphic to C/R.
In [15] , the classification of simple and semisimple (more precisely, semiprime) associative conformal algebras with finite faithful representation was obtained (see Theorem 2.9 below). Moreover, any subalgebra C of Cend V contains a maximal nilpotent ideal R = Rad(C), and C/R also has a finite faithful representation. There is a natural problem: whether C could be presented as C = S ⊕R, S ≃ C/R? In this paper we show that the answer is positive if C/R is a unital conformal algebra, but in the general case the answer is negative.
From now on, k is an algebraically closed field of zero characteristic, Z + is the set of non-negative integers. By H we will denote the polynomial algebra k [D] endowed with the D-adic topology, i.e., the family of basic neighborhoods of zero is given by principal ideals (D n ), n ∈ Z + .
Preliminaries on conformal algebras
2.1. Conformal linear maps. Let V 1 , V 2 be left (unital) H-modules, and let
is said to be a conformal homomorphism from V 1 to V 2 [13, 14] if:
(i) a is continuous with respect to the D-adic topology on H and the finite topology (see, e.g., [12] ) on Hom(V 1 , V 2 ); (ii) a is translation-invariant with respect to the operators
Hereinafter, Hom(U, V ) denotes the set of all k-linear maps from U to V .
Remark 2.1. It is clear that if dim V 1 < ∞, then the only conformal homomorphism from V 1 to V 2 is zero. Therefore, the exponential e T1 is usually undefined. However, one may always interpret (ii) as follows:
Let us denote by Chom(V 1 , V 2 ) the set of all conformal homomorphisms from V 1 to V 2 . We will write a(n) for a(D n ) and a • n u for a(n)u, a ∈ Chom(V 1 , V 2 ), n ∈ Z + , u ∈ V 1 . By definition, we have a • n u = 0 for n sufficiently large, u ∈ V 1 , (2.1)
These properties are equivalent to (i) and (ii) above.
One can define the structure of a left H-module on Chom(
If we have three H-modules V 1 , V 2 , V 3 , then for any n ∈ Z + an operation
could be defined by the rule
It is easy to see that
for n sufficiently large (2.7) (see [13, 14] ). Definition 2.2 ( [13, 14] ). A conformal algebra C is a left H-module endowed with a family of k-linear maps
Axioms (2.6) and (2.7) are known as sesqui-linearity and locality, respectively. The function N :
is called the locality function on C.
If C is a finitely generated H-module, then C is said to be a conformal algebra of finite type (or finite conformal algebra).
A conformal algebra C is called associative if
for any a, b, c ∈ C, n, m ∈ Z + . For two subsets A, B of a conformal algebra C, denote
The same notation will be used in other cases when we will work with a family of binary operations (· • n ·), n ∈ Z + .
It is clear how to define what is a subalgebra or left/right ideal of a conformal algebra C, and what does it mean that C (or an ideal of C) is simple, nilpotent, solvable, prime or semiprime. In particular, C is semiprime if for any non-zero ideal I of C we have I • ω I = 0. Such conformal algebras are often called semisimple in the literature (see, e.g., [8, 13, 14, 15] ). In this paper, we will also use this terminology.
Definition 2.3 ( [7, 14] ). Let C be an associative conformal algebra, and let V be an H-module. A representation of C on V is an H-linear map
if V is a finitely generated H-module then ρ is said to be a representation of finite type (or finite representation).
If V is a finitely generated H-module then Cend V endowed with the operations (2.3), (2.5) is an associative conformal algebra. If an associative conformal algebra C has a finite faithful (i.e., injective) representation on V , then C could be identified with a conformal subalgebra of Cend V . Such conformal algebras were studied, for example, in [6, 14, 15, 16] , and they are the main objects of the present work.
2.2.
Correspondence between subalgebras of End V and Cend V . Let us first recall the following notation [5, 14] . If C is a conformal algebra, a, b ∈ C, n ∈ Z + , then
Relations (2.6) imply
Moreover, if C is associative then [5, 14] :
Now, let V be a finitely generated H-module, T ∈ End V represents the action of D. Consider a correspondence between conformal subalgebras of Cend V and ordinary subalgebras of End V .
For a subset S ⊆ End V define F (S) as the set of all a ∈ Cend V such that
is an ordinary subalgebra of End V . Indeed, it follows from (2.3) that A(C) is a subspace, and (2.5) implies
Lemma 2.4 ([15, Proposition 3.7]
). Let C be a conformal subalgebra of Cend V , and let {a n } n∈Z+ be a sequence of operators in A(C) such that a n T − T a n = na n−1 for any n ∈ Z + . If lim n→∞ a n = 0 in the sense of finite topology on End V then there exists a ∈ C such that a(n) = a n .
Lemma 2.5 (c.f. [15, Proposition 3.10] ). Let C be a conformal subalgebra of Cend V .
(i) S = A(C) acts on C as on S-S-bimodule by the rule
Proof. (i) It is sufficient to check that the action is correctly defined. Associativity of the action follows from (2.5), (2.10), (2.12), (2.14).
If a(n) = 0 for some a ∈ Cend V , n ∈ Z + , then a = D n+1 x for an appropriate x ∈ Cend V . Suppose a(n) = a ′ (n ′ ) for some a, a ′ ∈ C, n, n ′ ∈ Z + . We may also assume that n ′ ≤ n, so that for
Since for any x ∈ C and for any n ∈ Z + there exists
Definition 2.6. Let V be a finitely generated H-module, and let S be a subalgebra of End V . If S = A(F (S)), then we say that S satisfies the locality condition, or that S is an LC-subalgebra of End V .
The most important example appears in the case when V is a free H-module. Consider the space V n = k[t]⊗k n as an H-module with respect to the representation
where W the subalgebra of End k[t] generated by p : f → tf and q : f → f ′ , f ∈ k[t] (i.e., W is isomorphic to the first Weyl algebra A 1 ).
Denote Cend V n by Cend n . For a fixed basis of V n over H, there is an isomorphism between conformal algebras Cend n and [14, 16, 15] . Here v is just a formal variable, an element
and the operations (2.5) on are given by
. From now on, we will identify Cend n with
Example 2.7. The set of matrices
is a conformal subalgebra (even a left ideal) of Cend n . If det Q(p) = 0 then Cend n,Q is a simple conformal algebra [6] .
Theorem 2.9 ([15]
). Let C be an associative conformal algebra with a finite faithful representation. If C is simple, then C is isomorphic either to Cur n or to Cend n,Q , n ≥ 1, det Q = 0. If C is semisimple, then C is a finite direct sum of simple ones.
It was also shown in [15] that an arbitrary associative conformal algebra C with a finite faithful representation has the maximal nilpotent ideal (radical) Rad(C), although C is not necessarily Noetherian. The following proposition gathers additional information on the structure of such conformal algebras. Proposition 2.10. Let C be an associative conformal algebra with a finite faithful representation, and let R = Rad(C).
(i) C/R has a finite faithful representation.
(ii) There exist a finite number of prime ideals of C. The intersection of these ideals is equal to R.
Statement (i) was communicated by E. Zel'manov, statement (ii) was obtained in collaboration with I. L'vov.
Then the finitely generated H-module
is also a C-module. Since R is a maximal nilpotent ideal, the annihilator of U in C coincides with R, so U is a faithful C/R-module.
(ii) This is a general fact that the lower nil-radical of an associative conformal algebra C (defined as the minimal nil-ideal B such that C/B has no non-zero nilpotent ideals) is equal to the intersection of prime ideals: one may follow the proof from [10] slightly adjusted for conformal algebras. By Theorem 2.9, B = R and C/R has a finite number of ideals, so there exist only a finite number of prime ideals of C.
3. Radical splitting problem 3.1. Lifting of special elements. An element e of a conformal algebra C is called an idempotent if e • n e = δ n,0 e, n ∈ Z + . Two idempotents e 1 , e 2 ∈ C are mutually orthogonal if e 1 • ω e 2 = e 2 • ω e 1 = 0. An idempotent e ∈ C is said to be a (conformal) unit if e • 0 x = x for any x ∈ C. For example, the conformal algebra Cur n ≃ M n (k[D]) ⊂ Cend n contains a (canonical) unit corresponding to the identity matrix Id n ∈ M n (k[D]). In general, a conformal unit is not unique: e.g., an element of the form
The structure of unital associative conformal algebras was considered in details in [16, 17] . Unfortunately, it is not so clear how to gather a unit to a conformal algebra.
Throughout this section, C is an associative conformal algebra, I is a nilpotent ideal of C.
Lemma 3.1 (c.f. [26] ).
(i) Ifē ∈ C/I satisfies the conditionē • 0ē =ē then there exists e ∈ C such that e + I =ē, e • 0 e = e. (ii) Let C contains a unit e 0 , and letē 1 , . . . ,ē N ∈ C/I satisfy the conditions
Then there exist e 1 , . . . , e N ∈ C such that e i + I =ē i , {e i • 0 e 0 } = e i , e i • 0 e i = e i , e i • 0 e j = 0 for i = j, i, j = 1, . . . , N .
Proof. (i) This statement was proved in [26] . The idea is similar to the lifting of idempotents in ordinary algebras, see, e.g., [11] .
(ii) Let N = 1. If e ′ 1 is a preimage ofē 1 given by (i), then e 1 = {e
• 0 e 0 } satisfies the required conditions. Assume the statement holds for some N ≥ 1, and let we are given N +1 elements e 1 , . . . ,ē N ,ē N +1 ∈ C/I as above. Suppose we have found e 1 , . . . , e N ∈ C, satisfying the required conditions. Consider the element f = e 0 − e 1 − · · · − e N ∈ C and the subalgebra C 0 = f • 0 {C • 0 f } ⊆ C with the nilpotent ideal I 0 = C 0 ∩ I. Note that {f • 0 e 0 } = f , f • 0 e i = 0, i = 1, . . . , N . Sinceē N +1 ∈ C 0 /I 0 ⊆ C/I, there exists e N +1 ∈ C 0 such that e N +1 • 0 e N +1 = e N +1 . Presentation e N +1 = f • 0 {y • 0 f }, y ∈ C, shows that {e N +1 • 0 e 0 } = e N +1 and e N +1 • 0 e i = 0, i = 1, . . . , N . Moreover, for any a ∈ C we have (e i • 0 f ) • 0 a = (e i • 0 e 0 − e i ) • 0 (e 0 • 0 a) = 0. Therefore, e i • 0 e N +1 = 0 for i = 1, . . . , N .
Lemma 3.2 (c.f. [26]).
(i) Ifē ∈ C/I is an idempotent then there exists an idempotent e ∈ C such that e + I =ē. (ii) Let C contains a unit e 0 , and letē 1 , . . . ,ē N ∈ C/I be a family of pairwise mutually orthogonal idempotents (i.e.,ē i • nēj = δ n,0 δ i,jēj ) such that {ē i • 0ē0 } =ē i . Then there exist pairwise mutually orthogonal idempotents e 1 , . . . , e N ∈ C such that e i + I =ē i .
Proof. (i) It was shown in [26] . The idea of the proof is similar to the one used in Proposition 3.4 below.
(ii) First, let us find f i ∈ C, i = 1, . . . , N , by Lemma 3.1(ii):
to the algebra C i with the nilpotent ideal I ∩ C i and find idempotents e i ∈ C i ,
Lemma 3.3. Let C contains a unit e, and let there existsx ∈ C/I such that x • 0ē =x,ē • 1x =ē. Then there exists a preimage x ∈ C ofx such that
Proof. Let x 0 ∈ C be a preimage ofx. Without loss of generality we may assume that x 0 • 0 e = x 0 and I 2 = 0. Suppose that N (e, x 0 ) ≥ 3, where N (·, ·) is the locality function on C. Consider
It is straightforward to check that x 1 • 0 e = x 1 and N (e, x 1 ) ≤ n. Indeed,
) and e • 1 x 0 = e + a, a ∈ I, we conclude that the right-hand side of (3.1) is equal to zero. In the same way, one may show that e • m x 1 = 0 for any m > n. Therefore, if we choose a preimage y ∈ C ofx such that y • 0 e = y and N (e, y) is minimal, then N (e, y) = 2. Suppose e If I ν = 0 for ν > 2, then the lifting of x could be done by induction, using the sequence
as usual.
3.2.
Unital case: splitting of radical. Let us fix a finitely generated H-module V , a conformal subalgebra C of Cend V , a nilpotent ideal I of C, and let R = Rad(C) be the maximal nilpotent ideal of C.
Proposition 3.4. Let C/I contains a subalgebra S isomorphic to Cur N for some n ≥ 1. Then the preimage of S in C contains a subalgebra S isomorphic to Cur N .
Proof. Letē be the canonical unit of S. By Lemma 3.2(i) there exists an idempotent e ∈ C which is a preimage ofē. If N = 1 then the H-span of e is isomorphic to Cur 1 . If N > 1 then consider the subalgebra C e = e • 0 {C • 0 e} ⊆ C which is unital. Moreover, S ⊆ C e /I ∩ C e , so C e /I ∩ C e contains a family of pairwise mutually orthogonal idempotentsē 1 , . . . ,ē N ∈ S corresponding to diagonal matrix units of M N (k). We may apply Lemma 3.2(ii) to find orthogonal idempotents e 1 , . . . , e N ∈ C e . Our aim is to build a system of (conformal) matrix units in C, i.e., a family of e ij ∈ C, i, j = 1, . . . , N , such that e ij • n e kl = δ n,0 δ j,k e il , n ≥ 0.
(3.2)
Let us choose some preimages v 1j , v i1 ∈ C e , i, j = 2, . . . , N , of the corresponding matrix units. We may assume
and a i is nilpotent with respect to the 0-product, we may find
Then the elements
satisfy the following relations:
Let us fix j ∈ {2, . . . , N } and consider the sequence of operators
Since lim n→∞ e j (n) = 0 in the sense of finite topology, for any u ∈ V j there exists
In the same way, there exists n 2 ≥ 0 such that b(n)u 1 ∈ (C jj ∩ I) 2 • ω V j for n ≥ n 2 , and so on. Since
so by Lemma 2.4 there exists an element h j ∈ C jj such that h j (n) = b(n). Since C jj is unital, h j ∈ C jj by Proposition 2.5(ii). Moreover, (h j − e j )(n) = d n (n), so there exists ∆ n ∈ C jj such that h j − e j = d n + D n+1 ∆ n . Hence, {e j • n (h j − e j )} ∈ I for any n ≥ 0, and e j • n (h j − e j ) ∈ I because of locality. In particular, e j • 0 (e j − h j ) = e j − h j ∈ I.
Let e 1j = f 1j • 0 h j . It is clear that e 1j − f 1j ∈ I. Remind that e 1 = f 1j • 0 f j1 and e 1 (m) = e 1 (1) m . Then
Hence, e 1 • n e 1j = δ n,0 e 1j . Moreover, since f j1 (m) = f j1 (0)e 1 (m), we have
Therefore, e 1j • n f j1 = δ n,0 e 1 . Now it is clear that
is a system of matrix units in C. The H-linear span of {e ij | i, j = 1, . . . , N } is a conformal algebra S ⊆ C isomorphic to S.
Proposition 3.5. Let C/I contains a subalgebra S isomorphic to Cend N for some n ≥ 1. Then the preimage of S in C contains a subalgebra S isomorphic to Cend N .
Proof. By Proposition 3.4 there exists a subalgebra S 0 ⊂ C isomorphic to Cur N ⊂ Cend N . Let e 11 ∈ S 0 be the preimage of the corresponding matrix unit I 11 ∈ Cend N . The subalgebra C 1 = e 11 • 0 {C • 0 e 11 } is unital and contains a preimage of the elementx 1 ∈ C/I corresponding to vI 11 ∈ Cend N . By Lemma 3.3 there exists x 1 ∈ C 1 such that e 11 • 1 x 1 = e 11 , x 1 • 0 e 11 = e 11 . Denote
where e 1i , e i1 are the preimages of the corresponding matrix units constructed by Proposition 3.4. The element x is a preimage of
It is straightforward to check that
11)
(3.14)
These are the defining relations of the algebra Cend N . Since Cend N is simple, the conformal algebra generated in C by S 0 ∪ {x} is isomorphic to Cend N . Theorem 3.6. Let C be a conformal subalgebra of Cend V , and let R = Rad(C) be the maximal nilpotent ideal of C. If C/R contains a unit then there exists a semisimple subalgebra S of C such that C = S ⊕ R.
Proof. It follows from Proposition 2.10 that
Consider the canonical unitsē i of C i , then their sumē = iē i is a unit of C/R. Let e ∈ C be the idempotent (preimage ofē) constructed by Lemma 3.2(i). The analogue of Pierce decomposition
could be constructed (see [26] ).
) is a unital conformal algebra, and C 0 /R ∩ C 0 ≃ C/R. It is sufficient to show that C 0 could be presented as S ⊕ (R ∩ C 0 ). By Lemma 3.2(ii), there exist orthogonal idempotents e i ∈ C 0 such that e i + I = e i . If C i ≃ Cur ni then the subalgebra C i = e i • 0 {C 0 • 0 e i } satisfies the conditions of Proposition 3.4. If C i ≃ Cend ni then one may apply Proposition 3.5. In any case, there exist
Remark 3.7. Although it is unknown whether an arbitrary finite associative conformal algebra is a subalgebra of Cend V for a finitely generated H-module V , it is possible to derive the radical splitting theorem for finite conformal algebras [26] from Theorem 3.6. Indeed, if C is a finite associative algebra, I = {a ∈ C | a • ω C = 0}, then C/I ⊆ Cend C. Since I • ω C = 0, it is easy to raise the semisimple part of C/I into C. Corollary 3.8. Let V be a finitely generated H-module, and let A ⊆ End V be an LC-subalgebra.
(i) If A is semiprime then A is a finite direct sum of algebras isomorphic is also an LC-subalgebra of End U for an appropriate finitely generated Hmodule U . Proof. Statement (i) follows directly from Theorem 2.9 and Definition 2.6: if A is semiprime then F (A) ⊆ Cend V is semiprime.
(ii) Let C = F (A), R = Rad(C), N = A(R) ⊆ A. Since N is a nilpotent ideal, N ⊆ J(A). Let U be the faithful finite C/R-module built by Proposition 2.10(i). Then C/R ⊆ Cend U and A(C/R) ⊆ End U is an LC-subalgebra. It is straightforward to show that A/N → A(C/R), a(n) + N → (a + R)(n), a ∈ C, n ∈ Z + , It follows from (3.19 ) that x 1 • 2 x 1 = 2x 1 . Using (3.17) It follows from (3.25) thatg 0 = 0. Since S ≃ Cend 1,v 2 , we may conclude that Θ ε (S) ≃ Cend 1,v 2 and a(1, 0) ∈ Θ ε (S) is the image ofx 1 ∈ Cend 1 . Now one may use (3.19) to find all x f , f ∈ k [v] . First,
